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By applying the Faddeev-Jackiw symplectic approach we systematically show that both the local
gauge symmetry and the constraint structure of topologically massive gravity with a cosmologi-
cal constant Λ, elegantly encoded in the zero-modes of the symplectic matrix, can be identified.
Thereafter, via an appropriate partial gauge-fixing procedure, the time gauge, we calculate the
quantization bracket structure (generalized Faddeev-Jackiw brackets) for the dynamic variables and
confirm that the number of physical degrees of freedom is one. This approach provides an alternative
to explore the dynamical content of massive gravity models.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
Fundamental issues in modern cosmology, such as inflation, dark matter and dark energy [1, 2],
which attempt to explain the primordial and late time accelerating expansion of our universe, have
long been motivated alternative gravity theories beyond original Einstein’s General Relativity, both
in the ultraviolet (UV) and the infrared (IR) regimes. According to Lovelock’s theorem [3, 4]
any modification of General Relativity requires at least one of the following ingredients: i) extra
dimensions, ii) extra degrees of freedom, iii) higher-derivatives terms, and iv) non-locality. Massive
gravity theories are an example of the type-ii ingredients, in which the massless graviton of General
Relativity is given a non-zero mass (see e.g. [5–18]). Along these lines, it has long been known that
the first massive gravity theory was introduced circa 1939 by Pauli and Fierz in Ref. [6], where
they presented a linear action with respect to a spin-2 field on a flat space-time background. The
Fierz-Pauli theory describes five degrees of freedom of positive energy in four dimensions at the
linear level whereas General Relativity has two degrees of freedom. However, Boulware and Deser
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2studied some specific fully non-linear massive gravity theories and pointed out that a general non-
linear theory of massive gravity generically contains six propagating degrees of freedom. While the
linear theory has five degrees of freedom, the non-linear theories studied by these authors turned
out to have an extra degree of freedom, which however is unphysical as it has a negative kinetic
energy and renders the whole theory unstable: it was therefore called the Boulware-Deser ghost [19].
After a great effort, a non-linear theory free of such a ghost field was at last obtained by de Rham,
Gabadadze and Tolley (dRGT) [7–9]. The advantage of the dRGT model is that it contains two
dynamical constraints that eliminate both the ghost field and its canonically-conjugate momentum.
The absence of the Boulware-Deser ghost was shown explicitly by counting the degrees of freedom
in the framework of the Hamiltonian formalism [10–12, 17, 18]. Unfortunately, the Hamiltonian
analysis of these models remains quite complex and, therefore, their symmetry properties have not
been studied yet via first-class constraints. On the other hand, in the study of some topics of
General Relativity, such as massive gravity, it is always useful to consider toy models that share the
conceptual foundations of the four-dimensional theories, but at the same time are free of technical
difficulties. This is particularly true in three-dimensional (3D) gravity. In this work, we focus on
the simplest 3D version of a massive gravity theory.
To obtain a realistic 3D-Einstein gravity as compared to the higher-dimensional theory, regarding
the local propagating modes, one can modify the theory by adding up higher-derivative curvature
terms in the Einstein-Hilbert (EH) action, which leads to the simplest 3D-massive gravity theory
known as Topologically Massive Gravity (TMG). This theory consists of an EH term, with or
without a consmological constant Λ, plus a parity-violating gravitational Chern-Simons (CS) term
with coefficient 1
µ
[20–23]. At the linear level, this theory describes a single massive state of helicity
+2 or -2 (depending on the relative sign between the EH and CS terms) in Minkowski background1
[24] and defines a unitary irreducible representation of the 3D Poincare´ group [25].
However, while a linearized analysis usually allows a reliable counting of the physical degrees
of freedom, it can yield misleading results in some cases. A Lagrangian/Hamiltonian formulation
should provide a way to count the number of local physical degrees of freedom without resorting to
linearization, that is, taking into account all the physical constraints and gauge invariance (i.e. gauge-
independence). In this sense, the identification of the physical degrees of freedom can be addressed by
a direct application of Dirac’s method for constrained Hamiltonian systems [26], which systematically
separates all the constraints into first-and second-class ones [27, 28]. As a consequence, the physical
degrees of freedom can be separated from the gauge degrees of freedom, and a generator of the gauge
symmetry can be constructed out of a combination of first-class constraints [29]. Furthermore, the
bracket structure (Dirac’s brackets) to quantize a gauge system can be obtained once the second-
1 In the presence of a cosmological constant, Minkowski space-time is no longer a vacuum solution and the new
maximally symmetric solutions are de Sitter (dS) space-time for positive Λ ( dS has isometry group SO(3, 1) ) and
anti-de Sitter (AdS) space-time for negative Λ (AdS has isometry group SO(2, 2)).
3class constraints are removed. In the case of the massive gravity theories, however, the separation
between first-and second-class constraints is a delicate issue, and the system considered in this paper
is not an exception [30–33]. In particular, in Ref. [30] the Hamiltonian structure of TMG was further
analyzed via the Dirac formalism. Indeed, these authors obtain the secondary first-class-constraint
structure of this model with the help of the theorem: “If φ is a first-class constraint, then {φ,HT}
is also a first-class constraint”. Nevertheless, this treatment is quite involved and unsatisfactory.
On the other hand, the authors of Refs. [32, 33] present a fully Lagrangian analysis, but the right
number of physical degrees of freedom in configuration space can only be obtained once an ad hoc
extra constraint on the basic variables is invoked. This is the main difficulty and it thus worth
exploring whether all the necessary constraints can be systematically obtained via a Lagrangian
formulation. Thereby, the analysis of the constraints and the gauge symmetry of massive gravity
models, still missing in the literature, is relevant and it is thus mandatory to carry out such an
analysis to quantize the theory.
Very interestingly, as an alternative to Dirac’s method, Faddeev and Jackiw [34] proposed a
new approach, which is geometrically well motivated and is based on the symplectic structure for
constrained systems. This approach, the so-called Faddeev-Jackiw (F-J) symplectic formalism (for
a detailed account see [35–42]), is useful to obtain in an elegant way several essential elements
of a particular physical theory, such as the physical constraints, the local gauge symmetry, the
quantization bracket structure and the number of physical degrees of freedom. It turns out that
the F-J approach does not require to classify the constraints into first- and second-class ones. Even
more, it does not invoke Dirac’s conjetura. Rather, in this approach, the quantization brackets can
be identified as the elements of the inverse matrix of the symplectic one. For a gauge system, the
symplectic matrix remains singular unless a gauge-fixing procedure is introduced. In addition, the
generators of the gauge symmetries are given in terms of the zero-modes of the symplectic matrix.
In this respect, the F-J symplectic method provides an effective tool for dealing with gauge theories.
The purpose of this article is to present a detailed F-J analysis of three-dimensional topologically
massive AdS gravity in a completely different context to that presented in Refs. [30–33]. In partic-
ular, we study the nature of the physical constraints and obtain the gauge symmetry, as well as its
generators, under which all the physical quantities must be invariant. Afterwards, we obtain both
the fundamental quantization brackets and the number of physical degrees of freedom by introduc-
ing an appropriate gauge-fixing procedure. The remainder of this paper is structured as follows. In
section II we briefly review the topologically massive AdS gravity action. Section III is devoted to
explore the nature of the constraints within the Faddeev-Jackiw symplectic framework and derive
the corresponding symplectic matrix. The full set of physical constraints of the theory are also ob-
tained. In Section IV, the gauge symmetry and its generators are obtained via the zero-modes of the
symplectic matrix. We introduce gauge-fixing conditions in order to obtain both the quantization
bracket structure and the number of physical degrees of freedom in Section V. We conclude with a
brief discussion of our results in Section VI.
4II. ACTION AND EQUATIONS OF MOTION OF TOPOLOGICALLY MASSIVE
GRAVITY
Our starting point is the action of topologically massive AdS gravity written in the first-order
formalism:
S[A, e, λ] =
∫
M
[
2θei ∧ F [A]i −
1
3
Λfijke
i ∧ ej ∧ ek + λi ∧ Ti +
θ
µ
Ai ∧
(
dAi +
1
3
fijkA
j ∧ Ak
)]
,
(1)
where µ is the Chern-Simons parameter, θ = 1/16πG with G the 3D Newton’s constant, and Λ is
a cosmological constant such that Λ = −1/l2, where l is the AdS radius [24]. Furthermore, the
fundamental fields of this action are: the dreibein 1-form ei = eiµdx
µ that determines a space-time
metric via gµν = eµ
ieν
jηij ; the auxiliary field 1-form λ
i that ensures that the torsion vanishes
Ti = 0 [43, 44]; and the dualized spin-connection A
i = Aµ
idxµ valued on the adjoint representation
of the Lie group SO(2, 2), so that, it admits an invariant totally anti-symmetric tensor fijk. The
connection acts on internal indices and defines a derivative operator:
DµV
i ≡ ∂µV
i + f ijkAµ
jV k, (2)
where ∂ is a fiducial derivative operator. Finally, Ti is the local Lorentz covariant torsion 2-form
and Fi is the curvature 2-form of the spin connection A
i, which explicitly read
Ti ≡ dei + f ijkA
j ∧ ek, Fi ≡ dAi +
1
2
f ijkA
j ∧Ak. (3)
The convention adopted is the standard one, that is, Greek indices refer to spacetime coordinates
and Latin letters correspond to Lorentz indices. The equations of motion that can be extracted by
varying the action (1) with respect to ei, Ai and λi, respectively, in addition to some total derivative
terms, are given by
(δe)
αi
= ǫανρ
(
2θFνρ
i +Dνλρ
i − Λf ijkeν
jeρ
k
)
= 0, (4)
(δA)
αi
= ǫανρ
(
2θTνρ
i + f ijkλν
jeρ
k + 2θµ−1Fνρ
i
)
= 0, (5)
(δλ)
αi
= ǫανρTνρ
i = 0. (6)
One can note that Eq. (6) is the condition for the compatibility of Aµ
i and eµ
i, which implies
Aµ
ij = −eνj∂µeν
i + Γβαµe
i
βe
αj , (7)
with Γβαµ the Christoffel symbols of the metric gµν , and Aµ
ij the standard connection obtained by
dualizing the f -tensor, Aµ
ij = −f ijkAµ
k. Moreover, by inserting Eq. (6) into Eq. (5), one can solve
for the Lagrangian multiplier λµ
i in terms of the 3D Schouten tensor of the manifold M:
λµ
i = 2θµ−2Sµνe
iν with Sµν = Rµν −
1
4
gµνR. (8)
Here we have made use of the fact that the internal and space-time curvature tensors Fµν
ij and
Rµν
αβ are related by
Rαβµν = e
α
ie
β
jFµν
ij with Fµν
ij = −f ijkFµν
k. (9)
5After plugging these results into Eq. (4) and a lengthy calculation, one can find the field equation
of TMG [20] in the second-order formalism:
Gµν +
1
µ
Cµν = 0, (10)
where Gµν is the cosmological-constant-modified Einstein tensor defined as
Gµν ≡ Rµν −
1
2
gµνR+ Λgµν , (11)
and Cµν is the symmetric traceless Cotton tensor given by
Cµν ≡ ǫµ
αβ∇α
(
Rβν −
1
4
gβνR
)
, (12)
where ∇ is the covariant derivative defined by Γ. Considering small perturbations around an anti-de
Sitter background, this theory describes the presence of a single massive graviton mode [20, 24, 25].
However, from a theoretical point of view, it is better to checkout the validity of such rough arguments
by a careful Hamiltonian or Lagrangian analysis at nonlinear order.
III. THE NATURE OF THE CONSTRAINTS IN THE FADDEEV-JACKIW
SYMPLECTIC FRAMEWORK
In order to apply the Faddeev-Jackiw’s symplectic approach [34], throughout this work we take
the spacetime M to be globally hyperbolic such that it may be foliated as M ≃ Σ × ℜ, where
Σ corresponds to a Cauchy’s surface without boundary (∂Σ = 0) and ℜ represents an evolution
parameter. By performing a 2 + 1 splitting of our fields without breaking the internal symmetry,
the TMG action (1) acquires the form,
S[A, e, λ] =
∫ [
ǫabθ
(
1
µ
Abi + 2ebi
)
A˙ia + ǫ
abλibe˙
i
a + ǫ
abei0
(
θFabi +Daλbi − Λfijkea
jeb
k
)
+ ǫabAi0
(
θTabi +
1
µ
θFabi + fijkλ
j
ae
k
b
)
+
1
2
ǫabλi0Tabi
]
d3x, (13)
up to a boundary term. Here Fab
i = ∂aA
i
b − ∂bA
i
a + f
i
jkAa
jAb
k is the field strength of Aa
i,
Tab
i = Daeb
i −Dbea
i and Daλb
i = ∂aλb
i + f iijAa
jλb
k. Besides a, b, c, ... are space coordinates and
the dot denotes a derivative with respect to the evolution parameter. We can read off the Lagrangian
density from (13) as
L(0) = ǫabθ
(
1
µ
Abi + 2ebi
)
A˙ia + ǫ
abλibe˙
i
a + ǫ
abei0(θFabi +Daλbi − Λfijkea
jeb
k) +
1
2
ǫabλi0Tabi
+ǫabAi0
(
θTabi +
1
µ
θFabi + fijkλ
j
ae
k
b
)
. (14)
In particular, this Lagrangian density can be expressed compactly as
L(0) = a
(0)
I ξ˙
(0)I − V (0), (15)
where an initial set of symplectic variable is introduced as follows
ξ(0)I = (Aia, A
i
0, e
i
a, e
i
0, λ
i
a, λ
i
0), (16)
6which allows us to identify the corresponding symplectic one-form
a(0)I = (ǫ
abθ
(
1
µ
Abi + 2ebi
)
, 0, ǫabλbi, 0, 0, 0), (17)
whereas the symplectic potential reads as
V (0) = −ǫabei0(θFabi+Daλbi−Λfijkea
jeb
k)−
1
2
ǫabλi0Tabi− ǫ
abAi0
(
θTabi +
1
µ
θFabi + fijkλ
j
ae
k
b
)
.
(18)
On the other hand, the corresponding equations of motion arising from the above Lagrangian (15)
can be written as
f
(0)
IJ ξ˙
(0)J −
δ
δξ(0)I
V (ξ)(0) = 0, (19)
with f
(0)
IJ ≡
δ
δξ(0)I
a
(0)
J −
δ
δξ(0)J
a
(0)
I the two-form symplectic matrix associated with L
(0), which is
clearly antisymmetric. By using the symplectic variables (16) and (17), we find that the correspond-
ing symplectic matrix f
(0)
IJ (x, y) can be written as

2 θ
µ
ǫabηij 0 −2θǫ
abηij 0 0 0
0 0 0 0 0 0
2θǫabηij 0 0 0 −ǫ
abηij 0
0 0 0 0 0 0
0 0 ǫabηij 0 0 0
0 0 0 0 0 0


δ2(x − y). (20)
It is not difficult to see that the matrix f
(0)
IJ is degenerate in the sense that there are more degrees
of freedom in the equations of motion (19) than physical degrees of freedom in the theory. In this
case, there are constraints that must remove the unphysical degrees of freedom. In this formalism
the constraints emerge as algebraic relations necessary to maintain the consistency of the equations
of motion. Moreover, it is straightforward to determine that the zero-modes of the singular matrix
(20) are (v
(0)
1 )
I = (0, vA
i
0 , 0, 0, 0, 0), (v
(0)
2 )
I = (0, 0, 0, ve
i
0 , 0, 0) and (v
(0)
3 )
I = (0, 0, 0, 0, 0, vλ
i
0), with
non-vanishing arbitrary components vA
i
0 , ve
i
0 and vλ
i
0 , respectively.
The zero-modes satisfy the equation (v
(0)
1,2,3)
If
(0)
IJ = 0, therefore from the equation of motion (19),
we have the following constraint relations:∫
dx2(v
(0)
1 )
T
J
δ
δξJ
∫
dy2V (0) = vA
i
0
(
θǫabTabi +
θ
µ
ǫabFabi + ǫ
abfijkλ
j
ae
k
b
)
= 0, (21)
∫
dx2(v
(0)
2 )
T
J
δ
δξJ
∫
dy2V (0) = ve
i
0
(
θǫabFabi + ǫ
abDaλbi − Λǫ
abfijkea
jeb
k
)
= 0, (22)
∫
dx2(v
(0)
3 )
T
J
δ
δξJ
∫
dy2V (0) = vλ
i
0
(
1
2
ǫabTabi
)
= 0, (23)
where vA
i
0 , ve
i
0 and vλ
i
0 are arbitrary functions. The constraints become
Ξ
(0)
i = θǫ
abTabi +
θ
µ
ǫabFabi + ǫ
abfijkλ
j
ae
k
b = 0, (24)
Θ
(0)
i = θǫ
abFabi + ǫ
abDaλbi − Λǫ
abfijkea
jeb
k = 0, (25)
Σ
(0)
i =
1
2
ǫabTabi = 0. (26)
7Now, according to the methodology of the symplectic framework, we will analyze whether there are
new constraints. To achieve this, we demand stability (consistency condition) of the constraints
(A8), (25) and (26), which guarantees their time-independence. Since Ξi, Θi and Σi depend only
on the set of symplectic variables ξ(0)I , the consistency condition can be written as
Ω˙(0) =
δΩ(0)
δξ(0)I
ξ˙(0)I = 0 with Ω(0) = Ξ
(0)
i ,Θ
(0)
i ,Σ
(0)
i . (27)
Therefore the consistency of the constraints Ω(0), together with the equations of motion (19) can be
generally rewritten as
f
(1)
KJ ξ˙
(0)J = Z
(1)
K (ξ), (28)
with
f
(1)
KJ =

 f (0)IJ
δ
δξ(0)I
Ω(0)

 and Z(1)K =


δ
δξ(0)I
V (0)
0
0
0


. (29)
Furthermore, the new matrix f
(1)
KJ can be written as

2 θ
µ
ηij 0 −2θηij 0 0 0
0 0 0 0 0 0
2θηij 0 0 0 −ηij 0
0 0 0 0 0 0
0 0 ηij 0 0 0
0 0 0 0 0 0
2 θ
µ
(ηij∂a − fijkA
k
a − µfijke
k
a) 0 2θ(ηij∂a − fijkA
k
a −
1
2θ fijkλ
k
a) 0 −fijke
k
a 0
2θ(ηij∂a − fijkA
k
a −
1
2θ fijkλ
k
a) 0 2Λfijkea
k 0 (ηij∂a − fijkA
k
a) 0
−fijke
k
a 0
(
ηij∂a − fijkA
k
a
)
0 0 0


×ǫabδ2(x− y). (30)
It is clear that f
(1)
KJ is not a square matrix, however, it has linearly independent zero-modes, which
turn out to be
(v
(1)
1 )
K =
(
−∂aη
j
m − f
j
lmA
l
a, 0,−f
j
lme
l
a, 0,−f
j
lmλa
l, 0, ηjm, 0, 0
)
, (31)
(v
(1)
2 )
K =
(
−
µ
2θ
f j lmλ
l
a, 0,−∂aη
j
m − f
j
lmA
l
a, 0, f
j
lm
(
µλla + 2Λe
l
a
)
, 0, 0, ηjm, 0
)
, (32)
(v
(1)
3 )
K =
(
−
µ
2θ
f j lme
l
a, 0, 0, 0,−∂aη
j
m − f
j
lmA
l
a + µf
j
lme
l
a, 0, 0, 0, η
j
m
)
, (33)
such that (v
(1)
1,2,3)
Kf
(1)
KJ = 0. By using the symplectic potential, we find that the matrix Z
(1)
K is given
8by 

−2θ
(
Dae0j +
1
µ
DaA0j
)
+ f jlm
(
e0
lλa
m+
(
λ0
l + 2θA0
l )ea
m)
Ξ
(0)
i
−Daλ0j − 2θDaA0j + f jlmA
l
0λ
m
a − 2Λf jlme
l
0e
m
a
Θ
(0)
i
−Dae0j + f jlmA
l
0e
m
a
Σ
(0)
i
0
0
0


ǫabδ2(x − y).
(34)
By multiplying both sides of Eq.(28) by the zero-modes of the matrix f
(1)
KJ , and evaluating at Ω
(0) = 0,
we get the following covariant constraint relations (the integration symbols
∫
is omitted for clarity):
(v
(1)
1 )
KZ
(1)
K |Ω(0)=0 = 0, (35)
(v
(1)
2 )
KZ
(1)
K |Ω(0)=0 = −
1
2θ
µǫαβγλαieβ
jλγj , (36)
(v
(1)
3 )
KZ
(1)
K |Ω(0)=0 =
1
2θ
µǫαβγeαieβ
jλγj . (37)
The substitution Ω(0) = 0 guarantees that these constraints will drop from the remainder of the
calculation. Then, from (36) and (37), together with the invertibility of eαi and λαi, we finally
obtain
Φα = ǫαβγeβ
jλγj = 0, (38)
which are known as symmetry conditions [13] and play a crucial role in the relation of the metric
and tetrad formulations of massive gravity theories and multi-bigravity ones. Furthermore, one finds
that the equation (38) can be split into two equations:
Φa = ǫab
(
ei0λib − e
i
bλi0
)
= 0, (39)
Φ0 = ǫabeiaλib = 0. (40)
We can see that the Eq. (39) has fixed fields ei0 and λ
i
0, whereas Eq. (40) gives us one more
constraint. This agrees completely with what was found in [30] by means of the Dirac procedure,
however, in that formalism the constraints (39) and (40) arise as tertiary constraints, whereas in
[32, 33] the constraint (40) was introduced by hand. Now, by imposing the stability condition on
the new constraint (40), we have the following equation:
f
(2)
KJ ξ˙
(0)J = Z
(2)
K (ξ), (41)
where the matrices f
(2)
KJ and Z
(1)
K can be expressed as
f
(2)
KJ =

 f (1)IJ
δ
δξ(0)I
Φ0

 and Z(2)K =

 Z(1)K
0

 . (42)
9Consequently, the new matrix f
(2)
IJ is given by


2 θ
µ
ηij 0 −2θηij 0 0 0
0 0 0 0 0 0
2θηij 0 0 0 −ηij 0
0 0 0 0 0 0
0 0 ηij 0 0 0
0 0 0 0 0 0
2 θ
µ
(ηij∂a − fijkA
k
a − µfijke
k
a) 0 2θ(ηij∂a − fijkA
k
a −
1
2θ fijkλ
k
a) 0 −fijke
k
a 0
2θ(ηij∂a − fijkA
k
a −
1
2θ fijkλ
k
a) 0 2Λfijkea
k 0 (ηij∂a − fijkA
k
a) 0
−fijke
k
a 0
(
ηij∂a − fijkA
k
a
)
0 0 0
0 0 λaj 0 eaj 0


×ǫabδ2(x− y). (43)
One can easily verify that f
(2)
IJ is also a singular matrix that has the following linearly independent
zero-modes:
(v
(2)
1 )
J =
(
−∂aη
j
m − f
j
lmA
l
a, 0,−f
j
lme
l
a, 0,−f
j
lmλa
l, 0, ηjm, 0, 0, 0
)
, (44)
(v
(2)
2 )
J =
(
−
µ
2θ
f j lmλ
l
a, 0,−∂aη
j
m − f
j
lmA
l
a, 0, f
j
lm
(
µλla + 2Λe
l
a
)
, 0, 0, ηjm, 0, 0
)
, (45)
(v
(2)
3 )
J =
(
−
µ
2θ
f j lme
l
a, 0, 0, 0,−∂aη
j
m − f
j
lmA
l
a + µf
j
lme
l
a, 0, 0, 0, η
j
m, 0
)
, (46)
(v
(2)
4 )
J =
(
µea
j , 0, ea
j , 0,−
(
λa
j + 2θµea
j
)
, 0, 0, 0, 0, ηjm
)
. (47)
After performing the contraction of the both of (41) with the new zero-modes, it is not difficult to
see that the zero-modes (44), (45) and (46) do not generate any new constraint, whereas from the
zero-mode (v
(2)
4 )
J we have the following constraint relation:
(v
(2)
4 )
KZ
(2)
K |Ω(0),Ω(1)=0= ǫ
αβνfijke
i
αe
j
β
(
Λekν + µλ
k
ν
)
= −2e (3Λ + µλ) = 0, (48)
where we have used ǫαβνeα
ieβ
jeν
k = ef ijk with e = det | eα
i | and λ = eα
iλαi. Hence, from Eq.
(48) we can identify the following scalar constraint:
Υ = 3Λ + µλ = 0, (49)
which is also in agreement with what was obtained in Ref. [30] via the Dirac procedure, whereas in
[32, 33] such a constraint is missing. Once again, we can introduce the consistency condition on (49)
and explore whether there are further constraints in the theory. To this aim, we study the equation
f
(3)
KJ ξ˙
(0)J = Z
(3)
K (ξ). (50)
It is easy to verify that even after inserting the above constraint into the matrix f
(3)
KJ and calculating
its zero-modes, no new constraint is obtained. Hence, there are no further constraints in the theory
and thus our procedure to obtain new constraints via the consistency condition is done. With the
above results and the F-J method, we can now introduce the constraints (A8), (25), (26), (40) and
10
(49) into the Lagrangian density (14) by means of the corresponding Lagrangian multipliers in order
to construct a new one. So, the new symplectic Lagrangian can be written as
L = ǫabθ
(
1
µ
Abi + 2ebi
)
A˙ia + ǫ
abλibe˙
i
a − Ξiβ˙
i −Θiα˙
i − Σiγ˙
i − Φ0ϕ˙0 −Υϕ˙− V, (51)
with α˙i, β˙i, γ˙i, ϕ˙0 and ϕ˙ the Lagrangian multipliers relative to the resulting constraints. Further-
more, one can note that the symplectic potential vanishes on the constraint surface since it turns
out to be a linear combination of constraints reflecting the general covariance of the theory, that
is, V = V (0) |Ω(0),Ω(1),Φ0,Υ=0= 0. Moreover, from the Lagrangian density (51), the new symplectic
variable set is taken as
ξI =
(
Aia, β
i, eia, α
i, λia, γ
i, ϕ0, ϕ
)
, (52)
whose corresponding canonical 1-form is given by
aI =
(
ǫabθ
(
1
µ
Abi + 2ebi
)
,−Ξi, ǫ
abλbi,−Θi, 0,−Σi,−Φ0,−Υ
)
. (53)
We can then use the symplectic variables (52) and (53) to construct the corresponding square
symplectic matrix fIJ ≡
δ
δξI
aJ −
δ
δξJ
aI , which turns out to be


2 θ
µ
ηij −2
θ
µ
∇aij −2θηij −2θ△aij 0 Eaij 0 0
2 θ
µ
∇aij 0 2θ△aij 0 −Eaij 0 0 0
2θηij −2θ△aij 0 −2ΛEaij −ηij −D
x
aij −λaj −µǫadλ
d
j
2θ△aij 0 2ΛEaij 0 D
y
aij 0 0 0
0 Eaij ηij −D
x
aij 0 0 −eaj −µǫade
d
j
−Eaij 0 D
y
aij 0 0 0 0 0
0 0 λaj 0 eaj 0 0 0
0 0 µǫadλ
d
j 0 µǫade
d
j 0 0 0


ǫabδ2(x− y). (54)
Here, we have defined ∇aij = (Daij − µEaij) and △aij =
(
Daij −
1
2θLaij
)
with Daij = ∂aηij −
fijkA
k
a, Eaij = fijke
k
a and Laij = fijkλ
k
a respectively. It is worth noting that the symplectic
matrix fIJ remains singular on the constrained surface, and therefore it still has linearly indepen-
dent zero-modes. Nevertheless, we have shown that no more constraints can be obtained via the
consistency conditions. The non-invertibility of fIJ is then due to a gauge symmetry that must be
fixed via additional conditions (gauge conditions) meant to remove the singularity. In this way the
quantization-bracket structure can be determined and the procedure can be achieved in terms of the
physical degrees of freedom.
IV. GAUGE TRANSFORMATIONS
It is well-know that the concept of gauge symmetry has played a central role in the development
of fundamental theories of physical laws. On the other hand, the need to describe the interactions
through relativistic dynamics led us to build a covariant language with a gauge symmetry [45].
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We thus proceed towards the discussion of the gauge symmetry in the symplectic framework. It is
worth noting that, when all the constraints have been considered and the symplectic matrix still
has zero-modes but no new constraint can be obtained, one is led to conclude that the theory must
have a local gauge symmetry, Therefore the zero-modes act as the generators of the corresponding
gauge symmetry ‘δG’, that is, the components of the zero-modes give the transformation properties
related to the underlying (gauge) symmetry [36–38]. The local infinitesimal transformations of the
symplectic variables generated by (v)I can be expressed as
δGξ
I = (vA)
I ǫA, (55)
where (vA) are the independent zero-modes of the singular symplectic matrix fIJ and ǫ
A are the
gauge parameters. For the singular symplectic matrix (54), these zero-modes turn out to be
(v1)
I
=
(
−∂aη
j
k − f
j
lkAa
l, ηjk,−f
j
lke
l
a, 0,−f
j
lkλa
l, 0, 0, 0, 0
)
, (56)
(v2)
I =
(
−
µ
2θ
f j lkλa
l, 0,−∂aη
j
k − f
j
lkAa
l, ηjk, f
j
lk
(
µλa
l + 2Λea
l
)
, 0, 0, 0, 0
)
, (57)
(v3)
I
=
(
−
µ
2θ
f j lkea
l, 0, 0, 0,−∂aη
j
k − f
j
lkAa
l + µf j lkea
l, ηjk, 0, 0, 0
)
, (58)
which are orthogonal to the gradient of the symplectic potential and at the same time generate
local displacements on the isopotential surface. As one can infer from (55), the infinitesimal gauge
transformations that leave the original Lagrangian invariant are given by
δGAα
i(x) = −Dαζ
i −
µ
2θ
f ijk
(
eα
jςk + λα
jκk
)
, (59)
δGeα
i(x) = −Dακ
i − f ijke
j
aζ
k, (60)
δGλα
i(x) = −Dας
i − f ijkλα
jζk + µf ijk
(
λa
jκk + ea
jςk
)
+ 2Λf ijkea
jκk, (61)
where ζi, κi and ςi are the time-dependent gauge parameters. It is worth remarking that (59), (60)
and (61) correspond to the fundamental gauge symmetry of the theory, though the diffeomorphisms
have not been found yet. However, it is well-known that an appropriate choice of the gauge param-
eters does generate the diffeomorphism (on-shell) [45, 46, 48]. Let us redefine the gauge parameters
as
ζi = −Aiµε
µ, κi = −eiµε
µ, ςi = −λiµε
µ, (62)
with εµ an arbitrary three-vector. Hence, from the fundamental gauge symmetry (61) and the
mapping (62), we obtain
δGAα
i = LεAα
i + µεµǫαµν
[
1
2θ
(δA)
νi
+ (δλ)
νi
]
,
δGeα
i = Lεeα
i − εµǫαµν (δλ)
νi ,
δGλα
i = Lελα
i + 2µθεµǫαµν
[
1
2µθ
(δe)
νi
−
1
2θ
(δA)
νi
+ (δλ)
νi
]
. (63)
which are precisely (on-shell) diffeomorphisms. In addition, TMG (1) is also made invariant under
Poincare´ transformations by construction [45, 46]. Thus, in order to recover the Poincare´ symmetry,
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we need to map the arbitrary gauge parameters of the fundamental gauge symmetry ‘δG’ (61) into
those of the Poincare´ symmetry. This is achieved by a mapping of the gauge parameters [46–48],
e.g.:
ζi = Aiµε
µ + ωi, κi = eiµε
µ, ςi = λiµε
µ (64)
such that εµ and ωi are related to local coordinate translations and local Lorentz rotations, re-
spectively, which together constitute the 6 independent gauge parameters of Poincare´ symmetries
in 3D. By using this map, the gauge symmetries reproduce the Poincare´ symmetries modulo terms
proportional to the equations of motion
δGeα
i = −εµ∂µeα
i − eµ
i∂αε
µ − f ijkeα
jωk + εγǫαγν (δλ)
νi
,
δGAα
i = −∂αω
i − f ijkAα
jωk − εµ∂µAα
i −Aµ
i∂αε
µ − µεγǫαγν
[
1
2θ
(δA)νi + (δλ)νi
]
,
δGλα
i = −εµ∂µλα
i − λµ
i∂αε
µ − f ijkλα
jωk − 2µθεγǫαγν
[
1
2µθ
(δe)
νi
−
1
2θ
(δA)
νi
+ (δλ)
νi
]
,(65)
where the equations of motion (δe)
νi
, (δA)
νi
and (δλ)
νi
are defined in (4)-(6). We thus conclude that
the Poincare´ symmetry (65) as well as the diffeomorphisms (62) are not independent symmetries:
they are contained indeed in the fundamental gauge symmetry (61) as on-shell symmetries, that
is, only when the equations of motion are imposed. In addition, the generators of such gauge
transformations can be represented in terms of the zero-modes, thereby making evident that the
zero-modes of the symplectic two-form encode all the information about the gauge structure of this
theory.
V. THE FADDEEV-JACKIW BRACKETS AND DEGREE OF FREEDOM COUNT
As was already mentioned in Sec. III, in theories with a gauge symmetry, the symplectic matrix
obtained at the end of the procedure is still singular. Nevertherless, in order to obtain a non-singular
symplectic matrix and to determine the quantization bracket (F-J brackets) structure between the
dynamical fields, we must impose a gauge-fixing procedure, that is, new gauge constraints. In this
case, we now partially fix the gauge by imposing the time-gauge, namely, Ai0 = 0, e
i
0 = 0, λ
i
0 = 0
and ϕ0 = cte (i.e. ϕ˙0 = 0). In this manner, we also introduce new Lagrange multipliers that enforce
these gauge conditions, namely, ρ˙i, ω˙i, τ˙i and σ˙
0. Thus, the final symplectic Lagrangian after gauge
fixing can be written as
L = ǫabθ
(
1
µ
Abi + 2ebi
)
A˙ia + ǫ
abλibe˙
i
a − (Ξi − ρi) β˙
i − (Θi − ωi) α˙
i − (Σi − τi) γ˙
i −
(
Φ0 − σ0
)
ϕ˙0.
(66)
From the Lagrangian density (66) one may read off the final set of symplectic variables
ξI =
(
Aia, β
i, eia, α
i, λia, γ
i, ϕ0, ρi, ωi, τ i, σ0
)
, (67)
so that, the corresponding symplectic 1-form is given by
aI =
(
ǫabθ
(
1
µ
Abi + 2ebi
)
,−Ξi + ρi, ǫ
abλbi,−Θi + ωi, 0,−Σi + τi,−Φ0 + σ0, 0, 0, 0, 0
)
. (68)
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After some algebra, we obtain the explicit form of the symplectic matrix fIJ

2 θ
µ
ηij −2
θ
µ
∇aij −2θηij −2θ△aij 0 Eaij 0 0 0 0 0
2 θ
µ
∇aij 0 2θ△aij 0 −Eaij 0 0 −
1
2
ǫabηij 0 0 0
2θηij −2θ△aij 0 −2ΛEaij −ηij −D
x
aij −λaj 0 0 0 0
2θ△aij 0 2ΛEaij 0 D
y
aij 0 0 0 −
1
2
ǫabηij 0 0
0 Eaij ηij −D
x
aij 0 0 −eaj 0 0 0 0
−Eaij 0 D
y
aij 0 0 0 0 0 0 −
1
2
ǫabηij 0
0 0 λaj 0 eaj 0 0 0 0 0 −
1
2
ǫab
0 1
2
ǫabηij 0 0 0 0 0 0 0 0 0
0 0 0 1
2
ǫabηij 0 0 0 0 0 0 0
0 0 0 0 0 1
2
ǫabηij 0 0 0 0 0
0 0 0 0 0 0 1
2
ǫab 0 0 0 0


×ǫabδ2(x− y). (69)
It is clear that such a matrix is not singular. The corresponding inverse matrix fIJ
−1 is given by

µ
2θ
ηij 0 0 0 −µηij 0 0 D
x
aij −
µ
2θ
Laij −
µ
2θ
Eaij µeai
0 0 0 0 0 0 0 ηij 0 0 0
0 0 0 0 ηij 0 0 −Eaij Daij 0 eai
0 0 0 0 0 0 0 0 ηij 0 0
µηij 0 −ηij 0 −2θµηij 0 0 Laij −♦aij −∇aij −λai
0 0 0 0 0 0 0 0 0 ηij 0
0 0 0 0 0 0 0 0 0 0 1
−D
y
aij −ηij Eaij 0 −Laij 0 0 0 0 0 0
µ
2θ
Laij 0 −D
y
aij −ηij ♦aij 0 0 0 −
µ
2θ
LaikLb
k
j 0 0
µ
2θ
Eaij 0 0 0 ∇aij −ηij 0 0 0 −
µ
2θ
EaikEb
k
j e
aj
∇aij
−µeai 0 −eai 0 λai 0 −1 0 0 −e
aj
∇aij 0


×ǫabδ2(x− y), (70)
with ♦aij = (µLaij + 2ΛEaij). In this way, the quantization bracket, dubbed generalized Faddeev-
Jackiw bracket, {, }F−J between two elements of the symplectic variable set (67), is defined as
{ξI(x), ξJ (y)}F−J ≡ (fIJ)
−1
. (71)
The non-vanishing Faddeev-Jackiw brackets for topologically massive AdS gravity can now be easily
extracted using (70) and (71). We thus have
{Aia(x), A
j
b(y)}F−J =
µ
2θ
ηijδ2(x− y), (72)
{Aia(x), λ
j
b(y)}F−J = −µǫabη
ijδ2(x− y), (73)
{λia(x), λ
j
b(y)}F−J = 2θµǫabη
ijδ2(x− y), (74)
{eia(x), λ
j
b(y)}F−J = ǫabη
ijδ2(x− y). (75)
These F-J brackets correspond to the Dirac brackets reported in [30]. The canonical quantiza-
tion
(
{ξI , ξJ}F−J →
1
i~
[
ξˆI , ξˆJ
])
can be carried out by using the aforementioned brackets given
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by (72)-(75). In addition, we are now ready to perform the counting of physical degrees of free-
dom: starting with 18 canonical variables (eia, λ
i
a, A
i
a), we end up with 17 independent constraints
(Ξ
(0)
i ,Θ
(0)
i ,Σ
(0)
i ,Φ
0, ei0 = 0, A
i
0 = 0, ϕ0 = cte) after imposing the gauge-fixing term. Therefore, the
number of physical degrees of freedom per space point for 3D Topologically Massive AdS Gravity is
one, independently of the value of µ, as it was also found in [32, 33].
VI. CONCLUSIONS AND DISCUSSIONS
In the present paper, the nature of the constraints and gauge structure of the topologically
massive AdS gravity theory was studied from the perspective of the Faddeev-Jackiw symplectic
approach. The whole set of independent physical constraints was identified through the consistency
condition and the zero-modes. It was shown that even when all the physical constraints are found,
but the symplectic matrix still has zero-modes, that is, when the zero-modes are orthogonal to the
gradient of the symplectic potential on the surface of the constraints, one is led to deduce that
the theory has a local gauge symmetry. Therefore, the zero-modes straightforwardly generate the
local gauge symmetry under which all physical quantities are invariant. By mapping the gauge
parameters appropriately we have also obtained the Poincare´ transformations and the diffeomor-
phism symmetry. Additionally, we have shown that the time-gauge fixing of the density Lagrangian
renders the non-degenerate symplectic matrix fIJ . We then have identified the quantizaion bracket
(F-J brackets) structure and have proved that there is one physical degree of freedom. It is worth
remarking that all the results presented here can be applied to the study of the physical content
of models such as massive gravity and bigravity theories in 2+1 dimensions, in which secondary,
tertiary, or higher-order constraints are present. Such problems are under study and will be
published elsewhere [51]. Another line for further research is the application of the procedure used
here to explore conceptual and technical issues of gravity models in 3+1 dimensions.
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Appendix A: Faddeev-Jackiw symplectic approach
In this appendix, we summarize the main aspects of the Faddeev-Jackiw symplectic approach
[34], which is based on a first-order Lagrangian in time derivative. However, this is not a serious
restriction because even if the original Lagrangian is not of first-order, it is always possible to
introduce variables of auxiliary fields to obtain a first-order one (usually, the canonical momenta
are chosen as auxiliary fields). After introducing variables of the auxiliary fields, we can construct
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a first-order Lagrangian for a physical system as follows:
L(ξ) = aI(ξ)ξ˙
I − V (ξ) (I = 1, 2, 3, ..., N), (A1)
where ξI is the so-called symplectic variable, which consists of a combination of the original vari-
ables along with some auxiliary fields and the canonical momenta. The term V (ξ), which is called
symplectic potential, is assumed to be free of time derivatives of ξI , and it is easy to see that it is
the negative of the canonical Hamiltonian. Finally, the function aI(ξ) is the canonical one-form and
is the main focus of interest. The Euler-Lagrange equations of motion for Lagrangian (A1) can be
written as
fIJ ξ˙
J −
∂
∂ξI
V (ξ) = 0, (A2)
where fIJ is the so-called symplectic matrix with the following explicit form:
fIJ ≡
∂
∂ξI
aJ −
∂
∂ξJ
aI . (A3)
When this matrix is non-singular, it can be inverted, and therefore all the symplectic variables can
be solved from (A2)
ξ˙I = (f)
−1
IJ
∂
∂ξJ
V (ξ). (A4)
Otherwise, there are some constraints in the theory. In the method of Faddeev-Jackiw, the above
equation can be written as
ξ˙I = {ξI , ξJ}F−J
∂V
∂ξJ
. (A5)
where the Faddeev-Jackiw bracket {, }F−J is defined by
{ξI , ξJ}F−J = (f)
−1
IJ . (A6)
However, in gauge invariant theories, where in addition to the true dynamical degrees of freedom
there are also gauge degrees of freedom, the symplectic matrix turns out to be singular, which
implies that the system is endowed with constraints. In this case, the matrix fIJ necessarily has
some zero-modes (vk) (with k all the linearly independent zero-modes that are found for fIJ), where
each (vk) is a column vector with N entries (vk)
I . By definition, the zero-modes satisfy the following
equation
(vk)
I
fIJ = 0, (k = 1, 2, 3, ...,≤ N). (A7)
Consequently, the constraints associated with the symplectic matrix are given by
φk ≡ (vk)
I ∂
∂ξI
V (ξ) = 0, (A8)
which shows that the zero-modes of fIJ encode the information of the constraints. Following the
prescription of the symplectic formalism, we will analyze whether there are new constraints. To this
aim, we impose a consistency condition on the constraints as in the Dirac approach:
φ˙k =
∂φk
∂ξI
ξ˙I = 0. (A9)
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The consistency condition on the constraints (A9) and equations of motion (A2) can be rewritten
as
f
(1)
KJ ξ˙
J = Z
(1)
K (ξ), (A10)
where
f
(1)
KJ =

 fIJ
∂φk
∂ξJ

 and Z(1)K (ξ) =

 ∂V∂ξI
0

 , (A11)
The new matrix f
(1)
IJ is not a square matrix anymore, however, it still contains linearly independent
zero-modes (v
(1)
l ), which are different from the original ones. Multiplying both sides of Eq. (A10)
by these modes, we get the following constraint relations(
v(1)l
)K
Z
(1)
K |φk=0 = 0. (A12)
The substitution φk = 0 guarantees that these constraints will drop from the remainder of the
calculation. If Eqs. (A12) turn out to fulfill the identity 0 = 0, then there are no further constraints;
otherwise, the constraints arising from Eq. (A12) are given by
φ
(1)
l ≡
(
v(1)l
)K
Z
(1)
K |φk = 0. (A13)
These new constraints can be treated in the same way as φk. In other words, we can now introduce
the consistency condition for φ
(1)
l , as
φ˙
(1)
l =
∂φ
(1)
l
∂ξI
ξ˙I = 0. (A14)
and combine it with Eq. (A10) in order to construct a set of new linear equations, from which we
explore whether there are more constraints. These steps are repeated until there are no further
constraints in the system and the identities 0 = 0 are fulfilled.
Oncem constraints are obtained after h steps through the consistency conditions of the constraints,
we can modify our original Lagrangian (A1) by introducing the whole set of constraints multiplied
by the corresponding Lagrangian multipliers η˙m as follows:
L(E) = aI(ξ)ξ˙
I + φm(ξ)η˙
m − V (ξ)(E), (A15)
where V (ξ)(E) = V (ξ)|φm=0. We can now also calculate the new symplectic matrix associated with
the modified Lagrangian, f
(E)
IJ = ∂a
(E)
J /∂ξ
(E)I − ∂a
(E)
I /∂ξ
(E)J with ξ(E)I = (ξI , ηl); this new matrix
can be either singular or non-singular. In the latter case it has an inverse and therefore all the new
symplectic variables can be solved as in (A5). On the other hand, for gauge systems, this symplectic
matrix is still singular and has no inverse unless some gauge-fixing terms (gauge conditions) are
introduced. In this way, the procedure can be finished and the Faddeev-Jackiw brackets can be
identified as in (A6).
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